Abstract. Assume σ is a face of a Gorenstein * simplicial complex D. We investigate the question of whether the Weak Lefschetz Property of the Stanley-Reisner ring k[D] (over an infinite field k) is equivalent to the same property of the Stanley-Reisner ring k[Dσ] of the stellar subdivision Dσ. We prove that this is the case if the dimension of σ is big compared to the codimension.
Introduction
An important open question in algebraic combinatorics is whether for a simplicial sphere, or more generally for a Gorenstein * simplicial complex, the f-vector satisfies McMullen's g-conjecture. For details see for example [16] or [6, Section 5.6] . It is well-known that for the g-conjecture to hold it is enough to prove that the Stanley-Reisner ring R[D] of D over the real numbers satisfies the Weak Lefschetz Property (WLP for short). Actually Richard Stanley [18] proved that if D is the boundary complex of a convex simplicial polytope it holds that R[D] satisfies the even stronger Strong Lefschetz Property (SLP for short).
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We illustrate the structure of the arguments of the paper in Figure 1 . The four central technical lemmas are shown in red, as well as Corollary 4.5. The results of Section 5, including an alternative proof of Corollary 4.5, are depicted in grey.
Notation
In the following k denotes an infinite field of arbitrary characteristic. All graded k-algebras will be commutative, Noetherian and of the form G = ⊕ i≥0 G i with G 0 = k and dim k G i < ∞ for all i. The Hilbert function of G is the function HF(G) : Z → Z, m → dim k G m . The k-algebra G is called standard graded if it is generated, as a k-algebra, by G 1 . An element a ∈ G is called linear if a ∈ G 1 . For a polynomial ring we use the notions of monomial order, initial term, initial ideal and reverse lexicographic order as defined in [5, Section 15] . If G is a standard graded k-algebra with dim G = d and f 1 , . . . , f d ∈ G 1 are (Zariski) general linear elements of G we call G/(f 1 , . . . , f d ) a general Artinian reduction of G.
We say that an Artinian standard graded algebra F has the Weak Lefschetz Property (WLP for short) if for general ω ∈ F 1 and all i the multiplication by ω map F i → F i+1 is of maximal rank, which means that it is injective or surjective (or both). It is well-known (see, for example, [3, Lemma 4.1] ) that F has the WLP if and only if there exists a ∈ F 1 such that for all i the multiplication by a map F i → F i+1 is of maximal rank.
We say that a standard graded k-algebra G with dim G ≥ 1 has the WLP if it is Cohen-Macaulay and for general linear elements f 1 , . . . , f dim G of G we have that the algebra G/(f 1 , . . . , f dim G ), which is Artinian by Lemma 3.3, has the WLP. Good general references for the Weak and Strong Lefschetz Properties are [8, 12] . By [8, Proposition 3.2] , if F is an Artinian standard graded k-algebra with the WLP it follows that HF(F ) is unimodal, which means that there is no triple j 1 < j 2 < j 3 such that HF(j 1 , F ) > HF(j 2 , F ) and HF(j 3 , F ) > HF(j 2 , F ).
We say that an Artinian standard graded algebra F = ⊕ r i=0 F i with F r = 0 has the Strong Lefschetz Property (SLP for short) if dim F i = dim F r−i for all i with 0 ≤ i ≤ r and for a general linear element ω of F and all i with 0 ≤ 2i ≤ r, the multiplication by ω r−2i map F i → F r−i is bijective. We say that a standard graded k-algebra G with dim G ≥ 1 has the SLP if it is Cohen-Macaulay and for general linear elements f 1 , . . . , f dim G of G we have that the algebra G/(f 1 , . . . , f dim G ), which is Artinian by Lemma 3.3, has the SLP. If J ⊂ R is an ideal, we say that J has the WLP (resp. the SLP) if R/J has the WLP (resp. the SLP).
For a function h : Z → Z we define
For q > 0 we inductively define ∆ q (h) : Z → Z by ∆ 1 (h) = ∆(h) and ∆ q (h) = ∆ q−1 (∆(h)) for q > 1. Assume G is a standard graded k-algebra and a 1 , a 2 , . . . , a p is a regular sequence in G consisting of linear elements, then HF(G/(a 1 , . . . , a p )) = ∆ p (HF(G)).
We also define
Assume F is an standard graded Artinian k-algebra. Then F has the WLP if and only if for general ω ∈ F 1 we have HF(F/(ω)) = ∆ + (HF(F )). Assume that h : Z → Z has the property that there exists m 0 ∈ Z such that h(m) = 0 when m < m 0 . We define
For a graded k-algebra G we denote by depth G the depth of G. By [2, Theorem 1.2.8]
For an ideal I of a ring R and u ∈ R we write (I : u) = {r ∈ R ru ∈ I} for the ideal quotient.
Assume A is a finite set. We set 2 A to be the simplex with vertex set A, by definition it is the set of all subsets of A. A simplicial subcomplex D ⊂ 2 A is a subset with the property that if τ ∈ D and σ ⊂ τ then σ ∈ D. The elements of D are also called faces of D, and the dimension of a face τ of D is one less than the cardinality of τ . A facet of D is a maximal face of D with respect to (set-theoretic) inclusion. The dimension of D is the maximum dimension of a facet of D. We define the support of D by supp D = {i ∈ A {i} ∈ D}.
We denote by R A the polynomial ring k[x a a ∈ A] with the degrees of all variables x a equal to 1. For a simplicial subcomplex D ⊂ 2 A we define the Stanley-Reisner ideal I D,A ⊂ R A to be the ideal generated by the square-free monomials For a nonempty face σ of D we set x σ = i∈σ x i ∈ R A . For a nonempty finite set A, we set ∂A = 2 A \ {A} ⊂ 2 A to be the boundary complex of the simplex 2 A . In the following, when the set A is clear we will simplify the notation
Assume that, for i = 1, 2, D i ⊂ 2 A i is a subcomplex and the finite sets
If σ is a face of D ⊂ 2 A we define the link of σ in D to be the subcomplex
It is clear that the Stanley-Reisner ideal of lk D σ is equal to the intersection of the ideal (I D,A : x σ ) with the subring R A\σ of R A . In other words, it is the ideal of R A\σ generated by the minimal monomial generating set of (I D,A : x σ ). Furthermore, we define the star of σ in D to be the subcomplex
If σ is a nonempty face of D ⊂ 2 A and j / ∈ A, we define the stellar subdivision D σ with new vertex j to be the subcomplex
Following [16, p . 67], we say that a subcomplex
is Gorenstein, and for every i ∈ A there exists σ ∈ D with σ ∪ {i} not a face of D. The last condition combinatorially means that D is not a join of the form 2 {i} * E, and algebraically that x i divides at least one element of the minimal monomial generating set of I D,A .
Assume D ⊂ 2 A is a Gorenstein* simplicial complex and σ is a face of D.
Some general lemmas
In the present section we put together a number of general lemmas we need. Of particular interest is the following Lemma 3.1. It states that under certain conditions a non-general Artinian reduction of a WLP k-algebra inherits the WLP property, and plays a key role in the following. 
As a consequence, H has the WLP. The following lemma is the analogue for the WLP of [14, Lemma 3.3] which is stated for the SLP and can be proven by the same arguments. Lemma 3.2. (Wiebe) Assume R is a polynomial ring over an infinite field with all variables of degree 1, τ is a monomial order on R and J ⊂ R is a homogeneous ideal with R/J Cohen-Macaulay. Denote by in τ (J) the initial ideal of J with respect to τ . We assume that R/in τ (J) is Cohen-Macaulay and has the WLP. Then R/J has the WLP. Lemma 3.3. Assume k is an infinite field, R = k[x 1 , . . . , x n ] with all variables of degree 1, f 1 , . . . , f t ∈ R 1 are t general linear elements of R and J ⊂ R is a homogeneous ideal. If t ≤ depth R/J then f 1 , . . . , f t is an R/J-regular sequence.
Lemma 3.4. Assume k is an infinite field and
Denote by ω ∈ F 1 a general linear element. Then the following are equivalent.
i) F has the WLP.
ii) The multiplication by ω map
Proof. It follows by [15, Remark 2.4] Lemma 3.5. Assume k is an infinite field, R = k[x 1 , . . . , x n ] with all variables of degree 1. Assume J ⊂ R is a homogeneous ideal such that R/J is Cohen-Macaulay and g 1 , g 2 ∈ R are two nonzero linear elements. We define
Then, for all 1 ≤ i ≤ 3, the subset S i ⊂ A 1 is Zariski open (but perhaps empty).
Proof. Denote by B the finite dimensional vector space R 1 considered as an affine variety. Consider the morphism φ :
It is clear that the image of φ is an affine subspace of B, hence is Zariski closed. As a consequence, it is enough to prove that, for 1 ≤ i ≤ 3, the three subsets
are Zariski open. For W 1 it is obvious. For W 2 it follows by the fact that the set of R/J-zero divisors is the union of the elements of the finite set consisting of the prime ideals associated to J ⊂ R. The case of W 3 is also well-known, see for example [3, Lemma 4.1].
Lemma 3.6. Assume e ≥ 1 is an integer and k is a field of characteristic 0 or of prime characteristic > e. Consider the polynomial ring
with all variables of degree 1 and assume V ⊂ R is a k-vector subspace. If a e ∈ V for all a ∈ R 1 then it follows that R e ⊂ V .
Proof. According to [10, Section 3.2, Exercise 2], the linear span of the set {a e : a ∈ R 1 } is equal to R e . The result follows. . We have We fix an infinite field k of arbitrary characteristic and a pair (D, σ), where D is a Gorenstein* simplicial complex with vertex set {1, . . . , n}, and
with the degrees of all variables equal to 1,
Moreover, T is a new variable of degree 1 and We denote by L ⊂ 2 {q+2,q+3,...,n} the link of σ in D and set
Remark 3. We will use the well-known fact, see for example [13, Proposition 3.3] or [8, Theorem 2.79] , that if F = ⊕ r i=0 F i with F r = 0 is a standard graded Gorenstein Artinian k-algebra then F r is 1-dimensional, and for all i with 0 ≤ i ≤ r the multiplication map F i × F r−i → F r ∼ = k is a perfect pairing. We will refer to F r−i as the Poincaré dual of F i . As a consequence, given i, j with 0 ≤ i ≤ j ≤ r and 0 = e ∈ F i there exists e ∈ F j−i such that 
has the property M q,p 1 if and only if for a general element ω ∈ B 1 the multiplication by ω q map B p 2 −q → B p 2 is surjective.
hence the multiplication by ω q map in the definition of the property M q,p 1 factors as f • g, where g is the multiplication by ω map B p 1 −q → B p 1 −q+1 and f is multiplication by ω q−1 map between the Poincaré duals B p 1 −q+1 and B p 1 . As a consequence, no matter if d is even or odd if B has the SLP then it follows that property M q,p 1 holds for B. 
Proof. If q > p 1 then B p 1 −q = 0 and the result is obvious.
Assume
To get a contradiction we assume this property is not true, then it follows that b p 1 = 0 for all b ∈ B 1 . This, together with the assumptions on the characteristic of the field k imply by the general Lemma 3.6 that Proof. We first prove that the statement 2(dim σ) > dim D + 1 is equivalent to q > p 2 . Indeed, by the definitions 
By [17, p. 188 ] Gorenstein* is a topological property. Hence a stellar subdivision of a Gorenstein* simplicial complex is again Gorenstein*. As a consequence k[D σ ] is Gorenstein.
As already mentioned in Section 2, we have that
, it follows that B is Gorenstein. Moreover, Lemma 3.7 implies that B = ⊕ 
for a, b i ∈ R. As a corollary, C is Artinian and for all m ≥ 0
Hence, HF(C) is equal to the Hilbert function of a general Artinian reduction
Denote by φ the map in the statement of the present proposition. φ is well-defined: Assume a, a ,
in C. φ is surjective: Obvious from the definitions of φ and C. φ is injective: Assume a, b i ∈ R with [a+
This implies that there exist e a,1 , . . . , e a,r 1 ∈ I, e b,1 , . . . , e b,r 2 ∈ I L , g a,1 , . . . , g a,
with equality in R[T ]. Looking at the coefficients of the powers of T we get a ∈ (I, f 1 , . . . , f d ) and
Since A, B are Artinian, they are finite dimensional k-vector spaces. Since φ is surjective C is finite dimensional as a k-vector space which implies that C is Artinian.
The formula connecting the Hilbert functions of A, B, C is an immediate consequence of the fact that φ is bijective.
Using 
Hence, if c ∈ C i there exist unique a ∈ A i and b j ∈ B j such that Recall
ii) The ring G is Artinian Gorenstein, and HF(G) = HF(C), which by Proof. Let z, z be two new variables and c ∈ k. We set
where (I V ) is the ideal of R[T, z, z ] generated by I V and deg T = deg z = 1, deg z = q. We also set Q = M/(z − T q−1 z ) and
By [1, Theorem 1.1] R[T, z]/I V is Gorenstein and dim R[T, z]/I V = d + 1. It follows that M is Gorenstein and dim
Using that M is Gorenstein, hence Cohen-Macaulay, it follows that z − T q−1 z is an M-regular element, hence Q is Gorenstein.
Clearly
hence Q is standard graded. We have
Since Q is Gorenstein, hence Cohen-Macaulay, it follows that z is a Q-regular element. Hence Lemma 3.5 implies that for general c ∈ k we have that z − c q+1 T is a Q-regular element, since the property is true for c = 0. As a consequence, for general c ∈ k the ring H c is Gorenstein of dimension d and HF(H c ) = HF(k[D σ ]). For nonzero c using the linear change of coordinates T → cT we can assume that c = 1.
We now prove ii) We first prove that G is Artinian. The arguments used in the proof of Lemma 4.7 also give that there exists a well-defined surjective k-linear map of vector spaces
for a, b i ∈ R. Since A, B have finite dimension as k-vector spaces it follows that G has finite dimension as a k-vector space, hence it is Artinian. Since we proved that R[T ]/I G is Gorenstein, hence Cohen-Macaulay, and of dimension d, G Artinian implies that f 1 , . . . , f d is a regular sequence for R[T ]/I G .
As a consequence, using that we proved above that HF(R[T ]/I
with the last equality by Lemma 4.7. Hence dim k G = dim k C. Using that by Lemma 4.
. Since ψ is surjective it follows that ψ is bijective. We now prove iii). Assume k[D σ ] has the WLP. By Lemma 3.5 we have that for general c ∈ k the algebra H c has the WLP, since the property is true for c = 0. For nonzero c using the linear change of coordinates T → cT we can assume that c = 1. Hence R[T ]/I G has the WLP. Since by ii) G is Artinian, Lemma 3.1 implies that G has the WLP.
Due to its length the proof of the following lemma will be given in Subsection 4.1. The following lemma will be used in the proof of Lemma 4.15. Since C is not Gorenstein, it does not follow from Remark 3.
Lemma 4.13. Assume 1 ≤ i < p 1 and 0 = c ∈ C i . Then there exists c ∈ C p 1 −i such that cc = 0 in C p 1 . As a corollary, assume ω ∈ C 1 is any element, not necessarily general. If the multiplication by ω map C p 1 → C p 1 +1 is injective, it follows that for all i with 1 ≤ i ≤ p 1 the multiplication by ω map C i → C i+1 is injective. Second Case:
Hence no matter if d is even or odd we have p 1 < q. Since e ≤ i and i < p 1 we get 0 < p 1 − i < q and 0 < p 1 + e − i < q. As a consequence 0
We now prove the corollary. We assume 1 ≤ i < p 1 , that the multiplication by ω map C p 1 → C p 1 +1 is injective and that the multiplication by ω map C i → C i+1 is not injective and we will get a contradiction. By the assumptions there exists 0 = c ∈ C i such that ωc = 0 in C i+1 . By the first part of the present lemma there exists c ∈ C p 1 −i such that cc = 0 in C p 1 . Hence by the assumptions ωcc = 0 in C p 1 +1 , which contradicts ωc = 0 in C i+1 .
The ring C is not Gorenstein, hence we can not use Lemma 3.4. The following lemma is a substitute.
Lemma 4.14. The following are equivalent i) C has the WLP. ii) For general ω ∈ R 1 the multiplication by ω + T map C p 1 → C p 1 +1 is injective and the multiplication by ω + T map C p 2 → C p 2 +1 is surjective.
Proof. Assume that i) holds. Since for nonzero c ∈ k the map C → C, with x i → x i and T → cT is well-defined and an automorphism, it follows that for general ω ∈ R 1 we have that ω + T is a general element of C 1 . Since C is assumed to have the WLP to prove ii) it is enough to prove dim C p 1 ≤ dim C p 1 +1 and dim C p 2 +1 ≤ dim C p 2 . We assume it is not the case and we will get a contradiction.
By [8, Proposition 3.2] HF(C) is unimodal. Using Remark 8 it follows that dim
, which contradicts the unimodality of HF(C).
We now assume that dim C p 2 +1 > dim C p 2 . If d is odd then p 1 = p 2 , and hence dim C p 2 = dim C p 2 +1 , which is a contradiction. If d is even p 2 = p 1 +1 and d − (p 2 + 1) = p 1 . Hence dim C p 1 > dim C p 1 +1 which we proved above that can not happen.
Conversely assume that ii) holds. Then by Lemma 4.13 for all 0 ≤ i ≤ p 1 the multiplication by ω + T map C i → C i+1 is injective. Since C is standard graded, the assumption that the multiplication by ω + T map C p 2 → C p 2 +1 is surjective implies that for all j ≥ p 2 the multiplication by ω + T map C j → C j+1 is surjective. Since p 2 = p 1 if d is odd and p 2 = p 1 + 1 if d is even, we get that for all j ∈ Z multiplication by ω + T as a map C j → C j+1 is injective or surjective (or both), hence C has the WLP.
Due to its length the proof of the following lemma will be given in Subsection 4.2. Proof. Recall that * denotes the join of simplicial complexes and for a finite set S we denote by 2 S the simplex with vertex set S. We set deg
By definition H is isomorphic to the quotient of the polynomial ring k[x 1 , . . . , x n , T, z] by a square-free monomial ideal. We denote by D H the simplicial complex on the vertex set {1, 2, . . . , n, T, z} that corresponds to the monomial ideal. The set of facets of D H is equal to the union {{z, u} : u facet of D} ∪ {{T, 1, 2, . . . , q + 1, w} : w facet of L}.
As a consequence, we have the following decomposition
Since D is Cohen-Macaulay over k with dimension d − 1 we have that E 1 is Cohen-Macaulay over k with dimension equal to d. Since L is CohenMacaulay over k with dimension d−q−1 we have that E 2 is Cohen-Macaulay over k with dimension equal to d.
Moreover, E 1 ∩ E 2 = 2 {1,2,...,q+1} * L is also Cohen-Macaulay over k with dimension equal to d − 1. Hence using [9, Lemma 23.6] it follows that D H is Cohen-Macaulay over k with dimension d. Hence H is a Cohen-Macaulay ring with dimension equal to d + 1.
We denote by H a the ring H but with deg x i = deg T = 1 and deg z = q. Since the dimension and the Cohen-Macaulay property is independent of the grading, Proposition 4.16 implies that H a is Cohen-Macaulay and dim H a = d + 1.
The element z − T q ∈ H a is homogeneous and (HF(C) ).
Since 
Let ω ∈ R 1 be a general linear element. By Lemma 4.14 C has the WLP if and only if the multiplication by ω + T map C p 1 → C p 1 +1 is injective and the multiplication by ω + T map C p 2 → C p 2 +1 is surjective. We assume that A has the WLP and B satisfies property M q,p 1 and we will show that C has the WLP. For that we first show that the multiplication by ω + T map C p 1 → C p 1 +1 is injective. Assume it is not. Then there exists 0 = c ∈ C p 1 such that (4) (ω + T )c = 0
Since A is assumed to have the WLP, if a p 1 = 0 we have ωa p 1 = 0 which implies (ω+T )c = 0, which contradicts Equation (4). Hence we have a p 1 = 0 in A. Equation (4) then implies that for j = 1, 2, . . . , q − 1
with all equations in B. Combining these equations we get ω q b p 1 −q = 0 in B. Using the assumption that B satisfies property M q,p 1 it follows that b p 1 −q = 0 in B, which using the above equations implies that b p 1 −j = 0 for all 1 ≤ j ≤ q, hence c = 0, a contradiction. If d is odd, since p 1 = p 2 and dim C p 1 = dim C p 1 +1 we get that the multiplication by ω + T map C p 2 → C p 2 +1 is also surjective, hence by what we said above C has the WLP. If d is even we need the following argument:
Assume c ∈ C p 2 +1 with
where a p 2 +1 ∈ A p 2 +1 and b p 2 +1−j ∈ B p 2 +1−j for all 1 ≤ j ≤ q. We will find
where a p 2 ∈ A p 2 and e p 2 −j ∈ B p 2 −j for all 1 ≤ j ≤ q. such that (ω+T )c = c . Hence we need to have (with the first equation in A and the remaining q equations in B)
. . .
Since A is assumed to have the WLP, the multiplication by ω map A p 2 → A p 2 +1 is surjective, hence there exists a p 2 ∈ A p 2 such that a p 2 +1 = ωa p 2 in A. We fix such a p 2 . Given e p 2 −q ∈ B p 2 −q , the last q − 1 equations in B inductively determine (unique) e p 2 −q+1 , . . . , e p 2 −1 that satisfy them. What we need is to choose e p 2 −q in such a way that we have compatibility with the second equation
If we express e p 2 −q+1 , . . . , e p 2 −1 in terms of e p 2 −q , the compatibility equation becomes
. Using the assumption that B satisfies property M q,p 1 , Remark 5 implies that there exists e p 2 −q ∈ B p 2 −q that satisfies the compatibility equation.
We now prove the converse. We assume that C has the WLP and we prove that A has the WLP and B satisfies the M q,p 1 property. Since C has the WLP, as we said above the multiplication by ω + T map C p 1 → C p 1 +1 is injective and the multiplication by ω + T map C p 2 → C p 2 +1 is surjective.
Let a ∈ A p 2 +1 ⊂ C p 2 +1 . Then there exists c ∈ C p 2 such that a = (ω +T )c. Write
with equality in C, where a p 2 ∈ A p 2 and e p 2 −j ∈ B p 2 −j for all 1 ≤ j ≤ q. It follows that a = ωa p 2 , hence the multiplication by ω map A p 2 → A p 2 +1 is surjective. Using Remark 4 it follows that A has the WLP.
We will now prove that B has the property M q,p 1 . We assume it is not the case and we will get a contradiction. By the assumption there exists 0 = b ∈ B p 1 −q such that ω q b = 0 in B. We set c = q i=1 (−1) q−i ω q−i bT i ∈ C p 1 . Since the summand of c corresponding to i = q is bT q , we get from Equation (3) that c = 0. Using that T q+1 = 0 in C we have
which is a contradiction, since the multiplication by ω + T map C p 1 → C p 1 +1 was assumed to be injective. This contradiction finishes the proof of Lemma 4.15. 
Using that the map ψ in the proof of Lemma 4.9 is bijective, it follows that the natural map A → G,
Using again that the map ψ in the proof of Lemma 4.9 is bijective, there exists e ∈ A p 2 and, for 1 ≤ j ≤ q, b p 2 −j ∈ B p 2 −j such that
with equality in G. The assumption q > p 2 implies that p 2 − q < 0, hence b p 2 −q = 0 in B. As a consequence
(equality in G), which imply that a = ωe (equality in A ⊂ G). We continue using the definitions and notation of Section 4. We set
) ⊂ R. There are two short exact sequences (6) 0
where (−q − 1) denotes twist by −q − 1, the map R/P a → R/L is multiplication by x σ and the map R/P b → R/L is multiplication by f q+1 1 . We also have
and
The following proposition gives the main properties of R[T ]/I Q .
Proof. i) Denote by D Q the simplicial complex that corresponds to the square-free monomial ideal I Q . We set
Using that I ⊂ I L and that T is a new variable we have
As a consequence, since dim Since I Q = P 1 ∩ P 2 , there is, by [2, Proof of Theorem 5.1.13], a short exact sequence of R-modules
As a consequence, using [2, Proposition 1.2.9] we get
Since we proved above that depth
ii) Assume m ≥ 0. Using the short exact sequence (10) we have 
As a consequence, the short exact sequence (12) implies that
Combining the computation of h 3 in Proposition 5.1 and the computation of h 4 in Lemma 4.6. we get that, for all m ≥ 0,
As a consequence, Equation (13) implies that HF(m, R/J 1 ) = h 2 (m) for all m ≥ 0. Consider now the short exact sequence Remark 9. As we mention below in Remark 10, for t = d + 1, which is the critical value for the WLP properties, the triple equality of ideals in the statement of Proposition 5.3 does not hold any more.
For a homogeneous ideal J ⊂ R and t ≥ 0 we denote by J ≤t the ideal of R generated by all homogeneous elements of J that have degree ≤ t. 
